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1. Introduction 

In the 1980s Irving and Cline-Parshall-Scott introduced an axiomatic framework ([5].|14j) 
leading to reciprocity principles in certain categories that include all classical examples 
coming from representations of finite groups, reductive Lie algebras of positive character- 
istic or infinite-dimensional representations of complex semi-simple Lie algebras (Brauer 
reciprocity, Humphreys reciprocity and BGG reciprocity). The central notion is that of 
a highest weight category which specializes to the theory of quasi-hereditary algebras 
in case the category in question is the module category of a finite-dimensional algebra. 
The aim of the present note is to give another instance of reciprocity which matches this 
framework and which is related to locally analytic representations of p-adic Lie groups. 

To be more precise let K he a. locally compact p-adic field. Let G be a p-adic Lie group 
defined over K with a split semisimple Lie algebra q and denote by U{q) its universal 
enveloping algebra. The Arens-Michael envelope U{q) of U{q) equals the completion of 
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U (0) with respect to all submultiplicative seminorms. Being an interesting p-adic power 
series envelope of U {q) in its own right it is also an important technical tool in the study 
of locally analytic G-representations ([23]). In this note we will extend the classical BGG 
reciprocity ([3]) for U (q) to certain highest weight categories for U{g). Although we use the 
classical theory as a guideline for our constructions the similarities are limited for several 
reasons. To mention only the most basic one, the algebra If (q) is non-noetherian and best 
viewed as a topological Frechet-Stein algebra in the sense of Schneider- Teitelbaum (|22]). 
This makes it necessary to complement the standard weight theory of the semisimple Lie 
algebra q with elements from p-adic analysis and functional analysis. Before we explain 
the content of the individual parts of this note let us mention that our highest weight 
categories will, in fact, be module categories over certain well-behaved quasi- hereditary 
algebras. We therefore view our constructions as a first "infinitesimal" step in connecting 
the well-developed representation theory of finite-dimensional algebras with the rather 
less developed locally analytic representation theory of semisimple p-adic groups. 

Let us briefly outline the content of this paper. We begin (section 2, 3) by recalling parts 
of the theory of quasi-hereditary algebras and a notion of semisimplicity for topological 
Frechet modules. After reviewing standard properties of Frechet-Stein algebras, Arens- 
Michael envelopes and semisimple Lie algebras we introduce in section 4 a BGG type 
category O of certain If (0)-modules. It depends on a choice f) C g of a splitting Cartan 
subalgebra and a Borel subalgebra f) C b containing it. A coadmissible (left) f/(0)-module 
lies in O if it is topologically ?7(f))-semisimple with finite dimensional weight spaces and 
occuring weights lying in a finite union of cosets A — F C ()*. Here, F denotes the Z>o-span 
of the positive roots. The category O is abelian and extends the classical BGG category O 
of (0, [)) relative to b. In fact, base change along the canonical map U{q) — )■ U{q) induces 
a faithful and exact functor O ^ O whose image can be described explicitly using Verma 
type modules for U{g). To go further, we extend the classical block decomposition of 
O with respect to the central action to a product decomposition of O. For each central 
character x the corresponding block turns out to be equivalent to a category of finitely 
dimensional modules over a quasi- hereditary /T- algebra A^. We conclude by showing that 
each algebra satisfies a strong version of BGG reciprocity which, as usual, sheds light 
on its Cartan matrix. The finer structure of the algebras A^ (e.g. representation type, 
commutativity, duality etc.) remains unclear at present. We hope to come back to this 
in future work. 

Acknowledgement. Part of this work was done during a stay of the author at the IHP Paris 
during the Galois trimester 2010. The author thanks this institution for its hospitality and 
generosity. The author also wishes to thank Matthias Strauch for giving three inspiring 
lectures at this event on the BGG category O and locally analytic representations. 
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2. Quasi-hereditary algebras and highest weight categories 

We begin by recalling some basic facts on quasi-hereditary algebras and highest weight 
categories. The following formulation is adapted to our purposes. For more details we 
refer to [8] and [9]. 

Let be a field, A a finite dimensional i^'-algebra, Modfg(yl) the category of finitely 
generated right A- modules and Kq{A) the Grothendieck group of Modfg(A). Let 

(A,<) 

be a fixed partially ordered finite set indexing a full set of representatives {Lx)x(z\ for 
the isomorphism classes of simple right A-modules. The multiplicity of L\ in a Jordan- 
Holder series of a module M will be denoted by [M : La] . Given A G A let Pa and Ix be 
a projective cover and injective hull of Lx in Modfg(A) respectively. 

A collection of standard modules for A (relative to the partially ordered set A) is a set A 
of modules Aa G Modfg(/l) with the properties [Aa : Lx] = 1 with Top(Aa) — Lx and 
[Aa : L^] = if /i ^ A. Given such a set A let J-'(A) be the full subcategory of Modfg(yl) 
consisting of modules M admitting a finite filtration with graded quotients isomorphic to 
members of A. Given M G -^(A) the element [M] of Ko{^) can be written as 

[M] = J2nx[Ax] = $^^a$^[Aa : L,][L,] 
agA AeA /leA 

with suitable nx G N. Choose a numbering Ai, A^ of the elements in A such that Aj < \j 
implies i > j. The matrix ([Aa : L^])a,^ is then unipotent upper triangular and since the 
elements [L^] form a Z-basis of Kq{A), the coefficients nx are uniquely determined. The 
filtration multiplicities (M : Aa) are therefore independent of the choice of filtration. 
Finally, the standard module Aa is called schurian if EndA(AA) is a division ring. 

Recall that in this situation A is called (right) quasi-hereditary if all standard modules 
are schurian and we have G -F(A) such that (P^ : A^) = 1 and (P^ : Aa) = if /i ^ A 
for all A,/i G A (cf. 0, §!)• 

Remark 2.0.1. Let A be quasi-hereditary with set of standard modules A. If <i is a 
total ordering on A that contains < then, trivially, (A, <i) is quasi- hereditary with the 
same set of standard modules. In dealing with quasi-hereditary algebras we may therefore 
always assume that A = {1, ...,ri}, some n, equipped with its natural ordering. In other 
words, the issue of a non-adapted A (in the sense of [loc.cit.]) does not arise here. 

Remark 2.0.2. Let A be quasi-hereditary. Without recalling a precise definition we 
remark that Modfg(/l) is a highest weight category in the sense of Cline-Parshall-Scott 
(cf. [5], Lem. 3.4). 
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If A is a quasi-hereditary algebra it is easy to see that each Ix has a unique largest 
submodule Va with [Va : = for /i ^ A. The modules Va are sometimes called the 
costandard modules associated to A (cf. [8], [9]). 

Proposition 2.0.3. Let A be quasi- hereditary. Then A has (right) global dimension 
bounded by 2|A| . 

Proof. This follows from [5], Lem. 2.2. □ 

Remark 2.0.4. If the (right) global dimension of a finite dimensional i^- algebra A is < 1 
then A is (right) hereditary, i.e. all right ideals are projective. (|T], Cor. 5.2). For the 
extensive and well-understood theory of hereditary algebras we refer to [loc.cit.], chap. 
VIII. 

Proposition 2.0.5. Let A be a quasi-hereditary algebra. Then 

(P^ : Aa) ■ dx = [Va : L^] ■ 
where dx := dim^ Endy!i(AA) for all A,/i G A. 

Proof [8], Lem. 2.5. and [9], Thm. 3 □ 

A quasi-hereditary algebra is called a BGG-algebra if there exists a contravariant involutive 
autofunctor D on Modfg(74) such that D{Lx) — Lx for all A e A ([E]). Such an algebra 
satisfies the so-called strong BGG reciprocity: 

Proposition 2.0.6. Let A be a BGG algebra. Then 

{P^ : Aa) ■ dx = [Aa : L^] ■ d^ 

where dx := dim^ Endy!i(AA) for all A,/i G A. 

Proof. It is easy to see that D(Va) — Aa for all A ([9], Lem. 4). The claim follows thus 
from the above proposition using that D preserves Jordan-Holder multiplicities. □ 

Example 2.0.7. Denote by (g, P)) a semisimple Lie algebra over the complex numbers 
and let O be the classical BGG category with respect to a choice of Borel subalgebra P) C b 
([3]). Let X denote a central character of U{g) and the corresponding block of O. The 
endomorphism ring of a suitable projective generator of is then a BGG-algebra in the 
above sense (cf. [3], [5], Example 3.3 (c)). 

3. DiAGONALISABLE MODULES 

We will have to review a certain notion of semisimplicity for topological Frechet-modules 
(developed by T. Feaux deLacroix, cf. [ID])- For all notions of nonarchimedean functional 
analysis we refer to P. Schneider's monograph |21j . 

Let be a locally compact p-adic field and "H a commutative i^-algebra. Let "H* denote 
the set of K-valued weights of "H, i.e. the set of i^-algebra homomorphisms "H — t- K. A 



BGG reciprocity for p-adic Arens-Michael envelopes of semisimple Lie algebras 



5 



subset F C "H* is called relatively compact if there are finitely many elements hi, ...,hi in 
T-L such that the map 

is injective with relatively compact image. Let M.{'H) denote the category whose objects 
are /C-Frechet spaces M endowed with an action of l-L by continuous i^-linear endomor- 
phisms. Morphisms are continuous i^'-linear maps compatible with 7/-actions. 

Let A G "H*. Following [10] a nonzero m G M is called a X-weight vector if h.m = X{h).m 
for all /i G "H. In this case A is called a weight of M. The closure Mx in M of the i^- vector 
space generated by all A- weight vectors is called the X-weight space of M. The module M 
is called l-i- diagonalisahle if there is a set of weights n(M) C "H* with the property: to 
every m E M there exists a family {mx G MA}Aen(Af) converging cofinite against zero in 
M and satisfying 

m = mx- 

Given an 'H-diagonalisable module M we may form the abstract "H-module 

M'' = (BxmM)Mx 
(depending on the choice of n(M)). 

Proposition 3.0.8. Let M be 'H-diagonalisable with a relatively compact set of weights 
n(M). The following hold: 

(i) Given m = X]Aen(A/) ^ weight components mx are uniquely determined 
by m. If M is contained in a closed Ti-invariant subspace of M then so are all 
mx- 

(ii) M has no other weights besides the set n(M). 

(iii) Suppose additionally that dimi^ Mx < oo for all X G n(M). The map 

(*) N^NnM'' 

induces an inclusion preserving bisection between the H-invariant closed subspaces 
of M and the abstract T-t-invariant subspaces of ikf'^. The inverse is given by 
passing to the closure in M - 

(iv) If in the situation of (iii) M admits additionally an action of a K -algebra H ^ A 
that stabilizes M'"^^ then the bisection (*) descends to A-invariant objects- 
Proof- This follows from Satz 1.3.19 and Kor. 1.3.22 of [TU]. Note that /T-Frechet spaces 
are Hausdorff, complete and barrelled. □ 

We let ViTi) denote the full subcategory of M.{T-i) whose objects are "H-diagonalisable 
modules M over a relatively compact set of weights n(M) C %* with finite dimensional 
weight spaces Mx- By the proposition, given M G 'D{'H) the definition of M*'^ depends 
solely on M and coincides with the socle of the abstract "H-module M. Let Vecx be the 
category of abstract /iT-vector spaces. The following lemma is easily checked. 
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Proposition 3.0.9. The forgetful functor to Vecx endowes T>{'H) with the structure of 
exact category. The latter is stable under passage to closed l-i-invariant subspaces and to 
the corresponding quotients. The functor on T>{'H) 

into the category of abstract 'H-modules is faithful and exact. 

4. A BGG TYPE CATEGORY 

Throughout this section K denotes a locally compact p-adic field. 

4.1. Prechet-Stein algebras. In [22] P. Schneider and J. Teitelbaum introduce the no- 
tion of Frechet-Stein algebra and show that locally analytic distribution algebras of com- 
pact p-adic Lie groups are of such type. Since Arens-Michael envelopes of Lie algebras 
over K are another example of this type (see below) we briefiy review the definition. A 
/C-Frechet algebra A is called (two-sided) Frechet-Stein if there is a sequence Q'l < g'2 < ••• 
of algebra norms on A defining its Frechet topology and such that for all m G N the 
completion Am of A with respect to is a left and right noetherian /^-Banach algebra 
and a fiat left and right A^+i-module via the natural map A^+i A^. Any such algebra 
A gives rise to a certain full subcategory Ca of all (left) A-modules, the coadmissible mod- 
ules. As Frechet-Stein algebras are typically non-noetherian Ca serves as a well-behaved 
replacement for the category of all finitely generated (left) A-modules. Instead of giving 
all details of the construction (cf. [22], §3) we summarize some basic properties of Ca in 
the following proposition. 

Proposition 4.1.1. Let A be a Frechet-Stein algebra. 

(i) The direct sum of two coadmissible A-modules is coadmissible. 

(ii) the (co)kernel and (co)image of an arbitrary A-linear map between coadmissible 
A-modules is coadmissible. 

(iii) the sum of two coadmissible submodules of a coadmissible A-module is coadmissible. 

(iv) any finitely generated submodule of a coadmissible A-module is coadmissible. 

(v) any finitely presented A-module is coadmissible. 

(vi) Ca is an abelian category. 

(vii) any coadmissible A-module M is equipped with a canonical Frechet topology making 
it a topological A-module. Any A-linear map between two coadmissible A-modules 
is continuous and strict with closed image with respect to canonical topologies. 

Proof [22|, Cor. 3.4/3.5 and Lem. 3.6. □ 

Let A be a Frechet-Stein algebra. We will make much use of the following basic property 
of the canonical topology. 

Lemma 4.1.2. For any coadmissible A-module M and any abstract A-submodule N (1 M 
the following are equivalent: 
(i) is coadmissible. 
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(ii) M/N is coadmissible. 

(iii) is closed in the canonical topology of M. 

Proof. [22], Lem. 3.6. □ 

4.2. Arens-Michael envelopes. Let K he a. locally compact p-adic field. An Arens- 
Michael K-algebra is a locally convex i^-algebra topologically isomorphic to a projective 
limit of i^-Banach algebras. For the theory of such algebras we refer to the book by A.Y. 
Helemskii ([H], chap. V). Given a locally convex /T-algebra A its Arens-Michael enve- 
lope A equals the Hausdorff completion of A with respect to the family of all continuous 
submultiplicative seminorms on A. It is universal with respect to continuous i^'-algebra 
homomorphisms of locally convex i^'-algebras into Arens-Michael algebras. The construc- 
tion gives a functor 

A^A 

from locally convex i^-algebras to Arens-Michael algebras which is compatible with pro- 
jective tensor products and passage to quotients by twosided ideals (cf. [T7], 6.1). 

Let be a Lie algebra over K of dimension d and let U{q) be its universal enveloping 
algebra endowed with the finest locally convex topology. Let If (q) be its Arens-Michael 
envelope. It will be convenient to realize U{q) in the following explicit way. Fix a i^-basis 
Pi, ....,fd of 0. Using the associated PBW-basis for f/(g) we may define for each r > a 
vector space norm on U{q) via 

(4.2.0) \\^daX''\\x,r = sup |rf«|rl"l 

a 

a 

where X" := ■ ■ ■ " ^ N[^. 

Proposition 4.2.1. The Hausdorff' completion ofU{g) with respect to the family of norms 
\\-\\x,r, r > 1 is an Arens-Michael algebra. The canonical homomorphism from U{q) into 
it is a topological algebra isomorphism. 

Proof. It is easy to see that each norm ||.||x,r; r > 1 is submultiplicative and that this 
family is cofinal in the directed set of all submultiplicative seminorms on U{q) (cf. |2^) □ 

Remark 4.2.2. In analogy to the complex hyperenveloping algebra introduced by P.K. 
Rasevskii (cf. [IB]) the completion of U{q) with respect to the norms ||.||a;,r7 t > 1 is 
sometimes called the p-adic hyperenveloping algebra (|2U].|23]). 

The above discussion shows that we have a functor 

from finite dimensional Lie algebras over K to Arens-Michael i^-algebras satisfying the 
obvious compatibilities with respect to pro duct s/projective tensor products and passage 
to quotients. It is immediate that everything we said above may be applied mutatis 
mutandis to the symmetric algebra S{q) of q. 
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Proposition 4.2.3. The algebras U{q) and S{q) are Frechet- Stein algebras which are 
integral domains. The K -linear isomorphism U (g) ^ S{q) induced by the choice of basis 
Pi, extends to a topological isomorphism tJ^Q) — S{q). 

Proof. [19], Thm. 2.3 and [20], Thm. 2.1. The corresponding noetherian Banach algebras 
arise as the completions with respect to single norms ||.||3e,r- D 

We conclude with some remarks in case q is abelian. By the universal property of the 
Arens-Michael envelope any weight f/(g) K (cf. sect. [3]) is automatically continuous. 
The map 

therefore identifies the set U{q)* canonically with the i^-linear dual g* of g. This iden- 
tification is compatible with the isomorphism of locally convex i^-algebras (cf. prop. 

(4.2.3) X : U{q) ^ C(A^"") 

mapping a chosen Lie algebra basis X := {yi, ...Pd} to a system of coordinates on A^""". 
Here, A^°" denotes the rigid analytic affine d-space over ([1], 9.3.4) and 0(A^''") equals 
its ring of rigid analytic functions viewed as a locally convex algebra in the usual way. 

4.3. Semisimple Lie algebras. From now on (g, f)) denotes a semisimple Lie algebra 
of dimension d which is split over K. For the basic theory of such algebras we refer to 
[12]. Let f)* denote the i^'-linear dual and put / := dim^^ f). Let b C g be a fixed Borel 
subalgebra containing {) and let b~ be an opposite Borel subalgebra. We will denote by 
n and n~ the nilpotent radicals of b and b~ respectively. We have n = [b, b] and f) ~ b/n 
canonically. 

Let $ C [)* denote the root system of g relative to [) and W the associated Weyl group. 
For each root a G $ let go, be the one dimensional root space in g. The choice of b defines 
a simple system A = {ai, C $ and a positive system C Let m := l^"*"]. As 

usual put p := 1/2 a. Let P : [)* — )■ N be the Kostant function, i.e. V{\) equals 

the number of tuples of nonnegative integers {ca)a^^+ such that A = Cca. Let F C [)* 
be the support of V. For A, /i G f)* we let A > /x if A — e F. Finally, we let A^ C A be 
the root lattice and the integral weight lattice respectively. A contains the subsemigroup 
of dominant integral weights A"*". 

In the following we will fix a standard basis X of g consisting of root vectors G and 
Ua G 0-a for tt > and ha '■= [xa,ya] with a{ha) = 2. Its structure constants lie in Z 
and we have X{ha) G Z for all A G A ([13]). Write hi := /iq,. for alH = 1, / and let 

:= {hi,..., hi}. 

Throughout this article we will work with this fixed choice of i^-basis of f). 
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The choice of X induces a i^-hnear isomorphism 

n" © [) © n ^ 

in the usual way. In the following we will work with the projective tensor product. 

Lemma 4.3.1. The above isomorphism extends to an isomorphism 

U{n~)(§KU{[))®KU{n) A U{q) 

of topological (f/(n~), U (n)) -bimodules and similarly for S instead of U . 

Proof. Compatibility of Arens-Michael envelopes with projective tensor products applied 
to the algebra isomorphism 

^(n^) ®K S{^) ®K Sin) ^ S{q) 

gives the claim for S. Now the second claim of Prop. I4.2.3l applied to all algebras n~, n, f), q 
gives the claim for U . □ 

4.4. A BGG type category. Keeping the notation recall that U{q) is Frechet-Stein 
and denote the category of coadmissible ?7(0)-modules by Cg (and similarly for n~,n, f) 
etc.). By functoriality we have a continuous homomorphism f/(f)) — ?■ f/(0) extending the 
inclusion C 0. We apply the notions of sectionOto the commutative i^'-algebra f/(f)). In 
particular, restriction of scalars along t/(f)) — )■ U{q) induces a faithful and exact functor 

c,-^M{um- 

Recall that V equals Z>o$^. 

Lemma 4.4.1. Let M G A^(?7(f))) he U (i)) -diagonalisable with a set of weights n(M) C 
P)* contained in finitely many cosets of the form A — F. Then n(M) is relatively compact. 

Proof. Invoking the basis elements Sj = {hi, ...,hi} the map 

U{M)^K',X^{X{h),...,X{hi)) 

is injective. Since a{hi) G Z for a G it maps a coset modulo — F onto a coset modulo 
©j=i^...^;Z.?7,j with some rij G Z. The latter is obviously relatively compact in KK □ 

This lemma enables us to single out the following well-behaved subcategory of Cg. 

Definition 4.4.2. The category O for U{q) equals the full subcategory of Cg consisting 
of coadmissible modules M satisfying: 

(1) M is ?7(f))-diagonalisable with n(M) contained in the union of finitely many cosets 
of the form A - F, A G f)*. 

(2) All weight spaces Ma, A G n(M) are finite dimensional over K. 
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Remark 4.4.3. It is immediate that the category O a priori depends on choices we have 
made (choice of b,b~,X etc.). We also remark that the left regular module U{g) is not 
?7(f))-diagonalisable and, hence, does not lie in O. This is clear from the fact that U{q) 
is an integral domain (Prop. I4.2.3p . 

Before constructing interesting objects in O we list some basic formal properties. 

Proposition 4.4.4. (i) The direct sum in Cg of two objects of O is in O 

(ii) the (co)kernel and (co)image of an arbitrary U{Q)-linear map between objects in 
O ismO 

(iii) the sum of two coadmissible submodules of an object in O is in O 

(iv) any finitely generated submodule of an object in O is in O 

(v) O is an abelian category. 

Proof. This follows from Prop. 14.1. H and Lem. 13.0.91 □ 

Lemma 4.4.5. For any object M in O and any abstract U{g) -submodule N (1 M the 
following are equivalent: 

(i) N eO 

(ii) M/N G O 

(iii) is closed in the canonical topology of M. 

Proof Lem. l4X2l □ 
Recall the exact category V{U{i))) of section |3l 

Lemma 4.4.6. Let M & O. The map N N n M*** defines an inclusion preserving 
bijection between subobjects of M ^ D(f/(f))) and abstract U{\)) -submodules of M^^ . It 
descends to a bijection between subobjects of M E Cg and abstract U{q) -submodules of 

Proof. M is f/(f))-diagonalisable with set of weights n(M) and finite dimensional weight 
spaces. The first statement follows thus from propositions 13.0.8) and [3l0l9l For the second 
statement observe that the i^'-subalgebra AoitJ (g) generated by ?/([)) and U (g) stabilizes 
M^^ (e.g. [7], Prop. 7.1.2). Again by Prop. 13.0.81 the bijection descends to closed A- 
invariant subobjects of M G P(?7([))) and abstract f/(g)-submodules of M**"*. The A- 
action on such a subobject N C M uniquely extends to U (g) making a subobject of 
M G Cg according Lem. 14.4.51 □ 

Example 4.4.7. Let M be a finite dimensional g-module. Since End/f (M) has a natural 
K-Banach topology the [/(g)-action uniquely extends to U{q) yielding M G Cg. By 
standard highest weight theory for semisimple Lie algebras ([12]) M is f/(g)-diagonalisable 
with set of weights contained in a finite union of cosets A — F, A G A+. Hence M E O. 
We thus obtain an exact and fully faithful embedding from finite dimensional g-modules 
into O. 
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4.5. j9-adic Verma modules. We are going to construct analogues of Verma modules in 
O. Let M be for a moment an arbitrary coadmissible If (g)-module. As usual, a maximal 
vector of weight A G [)* in M is a nonzero element m G Mx such that n.m = 0. We call 
a coadmissible module M a highest weight module with highest weight A if it is a cyclic 
?7(g)-module on a maximal vector in Mx- 

Remark 4.5.1. Any M G (9 has a maximal vector as can be deduced from axiom (1). 
In particular, any simple object in (9 is a highest weight module. 

Let A G t)* and consider the (left) f/(g)-module 

M(A) := Uig) Kx 

where Kx refers to the one dimensional f/(b)-module 

A : U{b) U{[}) ^ K. 

Here, U{h) t^(t)) comes by functoriality from the natural projection b — )■ t). 

Proposition 4.5.2. The coadmissible module M(A) lies in O and is a highest weight 
module of weight A. 

Proof. The kernel J of A is seen to be finitely generated by {xa}a£^+ and {ha — X{ha)} a&/i 
whence M(A) = U{Q)/U{g)J G Cg. The canonical topology on M(A) is induced from the 
quotient topology on U (g) whence an isomorphism of topological i/(g)-modules 

M(A) ^ U{q)/U{q)J = f/(g)/f/(g)J ^ U{5)^uib)Kx 
where we invoke the usual completed projective tensor product of locally convex algebras 
l.§2.3). Since this latter product is associative Prop. 14.3.11 shows that 

M(A) A U{n~) ®K Kx 

canonically as topological left f/(n~)-modules. It easily follows that M(A) E O. □ 

Let M(A) G O denote the classical Verma module of g with weight A ( [3] , [7] , [13] ) . We 
deduce from the preceding proof. 

Corollary 4.5.3. We have canonically M{\y^ ~ M(A) as abstract U{Q)-modules. 

Proposition 4.5.4. Let M E be a highest weight module on a maximal vector m G M 
of weight A G f)*. We have the following: 

(a) M is U{\])-diagonalisable with a compact set of weights Ii{M) satisfying fi < X for 

fi G n(M). 

(b) One has dirnxM^ < oo and dimxMx = 1 for all fi G n(M). In particular, M E O 
and M is a finite length object in O. 

(c) Each nonzero quotient of M by a coadmissible submodule is again a highest weight 
module. 
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(d) Each coadmissible suhmodule of M generated by a maximal vector m E M of 
weight fi < X is proper. In particular, if M is a simple object then all its maximal 
vectors lie in K.m and hence End^^^^^^M) = K. 

(e) M has a unique maximal subobject and a unique simple quotient object and, hence, 
is indecomposable in Cg. 

(f) Let M, be two highest weight modules of weights A and fi respectively. We have 
dimxHonijj^^^^M, N) < oo. If X ^ fi then M and N are nonisomorphic. If M 
and N are simple objects and X = fi then M c:^ N. 

Proof. Since M is a quotient object of M(A) in Cg we obtain an ?7(0)-linear surjection 

M(A) = M{Xy' — > M'' 

by right exactness of (.)'^*. In particular, M^'^ is a highest weight module of weight A in 
O. All properties follow then from classical results on highest weight modules in O (e.g. 
[13], Thm. 1.2). □ 

Let I/(A) denote the unique simple quotient of M(A). By Rem. 14.5. ll we have the following 
result. 

Corollary 4.5.5. The map X [L{X)] is a bijection from f)* onto the set of isomorphism 
classes of simple objects ofO. 

Recall that a weight A G f)* is called antidominant if (A + p, d) ^ Z>o for all a G 

Proposition 4.5.6. Given A G {)* the object M(A) E O is simple if and only if X is 
antidominant. The quotient L{X) is finite dimensional if and only if X E . 

Proof. This follows from classical results on Verma modules ([7], Thm. 7.6.24 and Thm. 
7.2.6 together with Cor. 14X31 Prop. [3X91 and Prop. l4A6l □ 

Remark 4.5.7. If A is not antidominant there exists a G A with n := (A, a) G Z>o and 
a nonzero morphism M(/i) — ?■ M{X), 1 ® 1 i— )■ y^^^ ® 1 where /i = A — (n + l)a < a. This 
follows as in the case of Verma modules from the commutation rules in U{q) C [J (g) (|13]. 
Prop. 1.4). 

Remark 4.5.8. The method of comparing elements of O to elements in O via {■)^^ is 
limited. In category O any object has a finite filtration with graded pieces equal to highest 
weight modules (e.g. [13], Cor. 1.2) and consequently, O is artinian and noetherian. 
However, for a general object of O there is no a priori reason to be finitely generated over 
U{q) whence we do not expect O to be noetherian. The situation improves if we fix a 
central character (see below). 

4.6. Relation to category O. In Ex. 15.2.31 we established a fully faithful embedding 
from the finite dimensional g-modules into O. Any finitely generated (left) U (0)-module 
is finitely presented and therefore M U{q) ^uis) M constitutes a functor E from such 



BGG reciprocity for p-adic Arens-Michael envelopes of semisimple Lie algebras 



13 



modules into Cg (Prop. 14.1.11 (v)). Now the main result of [20] proves the extension 
U{q) — )■ U (g) to be stably flat. Instead of recalling the precise meaning of stable flatness 
we remark that it is stronger than ordinary flatness and so, in particular, F is exact. It 
is almost obvious that F(M(A)) = M(A) and hence any highest weight module of O is 
mapped to a highest weight module in O. Since any module M in O has a finite filtration 

with graded quotients being highest weight modules there is a surjection ©jMj — > M 
where the source is a finite direct sum of highest weight modules. Since F commutes with 
direct sums we see F[M) G O. We have established an exact functor 

F -.o — >d 

extending the aforementioned embedding of the finite dimensional modules into O. 

Proposition 4.6.1. The functor F is fully faithful. A left quasi-inverse is given by {■)^'^. 

Proof. \{ M & O and m G M\ the map m ^ \ ®m induces a f/(f))-linear homomorphism 
from Mx into the A-weight space of F{My^. It extends to a ?7(g)-linear homomorphism 
M — >■ F(M)** natural in M. If M is a Verma module it is bijective according to Cor. 
14.5.31 If M G (9 is a highest weight module we consider an exact sequence 

— >N — y M (A) — yM — ^ 

for suitable A G f)*. Writing as a subquotient of the left regular module U{q) and 
recalling (proof of Prop. I4.5.2p that M(A) equals the completion of U{q)/U{q)J = M(A) 
with respect to the (separated) quotient topology one sees that the natural injection 
F{N) — M(A) has image equal to the closure of N in M(A). Hence, ~ F{Ny'' by 
Prop. I3.0.8( iii) and therefore M ~ F{MY^. Now let M G O be arbitrary. By devissage 
we may assume that M is an extension of highest weight modules. But then M ~ F{M)'^^ 
by the snake lemma. □ 

5. Block decomposition 

5.1. p-adic Harish-Chandra homomorphism. We begin by recalling some standard 
results on the center Z{g) of f/(g) ([Z]). Recall that the usual adjoint action of g on itself 
extends to an action of g by derivations on U{g) and 5'(g). Let f/(g)s and 5'(g)s denote 
the i^-algebras of invariants. 

Let 7" be the algebra automorphism of 5'(f)) sending a polynomial function / on i)* to the 
function A t— /(A — p). Let f/(g)o be the commutant of f) in f/(g). Then 

/ := f/(g)n+ n U{q)o = n-f/(g) n f/(g)o 

is a two-sided ideal in U{g)o such that t/(g)o = U{[}) © /. The corresponding algebra 
surjection (p : f/(g)o U{i)) is called the Harish-Chandra homomorphism relative to b. 
The map 

^:=7«oy,U(,):Z(g)^^(ll)^ 
is an algebra isomorphism independent of the choice of b. 
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It will be convenient to extend this isomorphism to Arens-Michael envelopes. That this 
is possible follows from work of J. Kohlhaase on the center of p-adic distribution algebras 
(|15j). We summarize the relevant results. 

Proposition 5.1.1. The Q-action on S{q) and U{q) extends to Arens-Michael envelopes 
and the same holds for the Weyl action on S'(f)). The algebra of invariants U{gy coincides 
with the center Z[q) ofU{g) and equals the closure ofZ{g). The homomorphism tp extends 
to a topological isomorphism of K-Frechet algebras 

Proof. All this is contained in [15], sect. 2.1. For example the last statement follows from 
Prop. 2.1.5 and (proof of) Thm. 2.1.6. □ 

Remark 5.1.2. Let X = A^". The basis Sj = {hi,..,hi} induces an isomorphism : 

^(f)) — ^ 0{X) (cf. fl4.2.3p ). It follows that W acts on X by rigid analytic automorphisms. 
Moreover, W is finite whence the rigid- analytic quotient X/W exists by general principles. 
In particular, Sj induces a topological isomorphism 

^: A 0{X/W). 

Finally, since this situation is the analytification of an algebraic action on algebraic affine 
space via the finite group W usual commutative algebra gives a noncanonical isomorphism 
X/W ~ X. The above proposition gives thus a very explicit description of the center of 
U{g). For more details we refer to [loc.cit.]. 

5.2. Central characters. Recall that the usual dot action of W on P)* is given hj w- X = 
w{X + p) — p for A G i)*,w G W. Since translating the origin of X = A^" to — p 
is a rigid isomorphism, say 7, the action extends to a dot-action of on X giving 

7 : X/W X/{W, ■). Invoking Prop. 15.1.11 the composite (7")"^ o o tjj is a. canonical 
topological isomorphism 

(5.2.0) Z{g) ^ ^(f))^ ^ 0{X/W) ^ 0{X/{W, ■)) 

of i^-Frechet algebras. 

Now let A G f)* and choose a highest weight module M G (9 with maximal vector m G Mx- 
By Prop. I4.4.6l we have Endj)(-g-)(M) = K whence a continuous character x\ • Z{g) — y K. 

Since %Ij extends the 7''-twisted Harish- Chandra homomorphism and since Z{g) C Z{g) is 
dense the resulting map A H- xa is induced by the rigid analytic quotient morphism 

TT : X — ^ X/{W,-). 

In particular, any continuous character x '■ ^{q) ~^ K arises, up to a finite extension of 
as some xa- 

In analogy to the classical case of category O we call the fibers of vr linkage classes. If 
A, p G f)* lie in the same fiber that is A = ■ p for some w G H^, we say A is linked to 
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H- Recall that a highest weight module has finite length (Prop. I4.4.6p . The following 
corollary is obvious. 

Corollary 5.2.1. All Jordan-Holder factors of a highest weight module in O have linked 
highest weights. 

Let M G (9 and let x • ^(fl) -^"^ be a central character. Then Z{q) acts on the weight 
spaces Mx and we may form the subspace 

:= {m G Mx '■ [kei xY^m = for some n = n{m) > 0}. 

Since ©a^a ^ t/(g)-submodule of M^* its closure in M is a subobject of M (Lem. 
I4.4.6p . We define the following full subcategory of O: 

OX := {M G O : = M} 

Proposition 5.2.2. The category is abelian. The functor O — )■ O^, M i— )■ is 

exact and induces an exact and fully faithful embedding of O into the direct product of the 
subcategories O^. The embedding O ^ O maps into O^. 

Proof. Giving the exact structure coming from O let us show that M is an 

exact functor. Choose topological generators 2:1, ...,2;^ of Z{g) according to rem. 15.1.21 
Then equals the simultaneous generalized eigenspace of the finitely many commuting 
operators Zi,...,zi on the finite dimensional space Mx corresponding to the ordered set 
of eigenvalues x{^i)y ■■■^xi^i)- Given a morphism M ^ N in O we have a morphism 
Mx — A^A and thus , by standard linear algebra, a morphism M^ — )■ A^^. Taking the 
sum over all A and passing to closures with respect to the induced subspace topologies 
we see that M 1— )■ M^ is indeed functorial. Using strictness of maps in O with respect 
to canonical topologies (Prop. 14.1.11 (vii)) the same argument yields its exactness ([1], 
Cor. 1.1.9/6). It is now clear that the subcategory is closed under passage to kernels 
and cokernels and, thus, abelian. Finally, the sum M^ is dense and direct in M as 
follows from M** = (B^iM^ fl M**) and properties of (■)**. In particular, the functor 
O -^Ux'^^'^M ^ (^'')x is fully faithful. 

For the final statement, note that the blocks and are Serre subcategories in O and 
O respectively. By devissage it suffices to show that a highest weight module M G is 
mapped into and this is obvious. □ 

Proposition 5.2.3. The category is artinian and noetherian. 

Proof. Let M G be given and put V := ^^g7r-i(x) ^a*- Since vr has finite fibers we have 
dim/^ y < 00. Suppose N' ^ N 'O M are two subobjects. Let m G N/N' be a maximal 
vector of some weight /i. Since the subobject U{Q).m C N/N' is a highest weight module 
Z{q) operates on m via Xn- Hence X^t = X and /i G 7r~^(x). By definition m & N P\V 
whence dim^^ N r\V > dim^^ N' nV . This shows M to be artinian and noetherian. □ 
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Recall that an object Y of an abelian category is called indecomposable if F = Yi © 1^2 
implies Yi = or 1^2 = 0. Recall that an arbitrary unital associative ring is called local if 
its noninvertible elements form a proper two-sided ideal. 

Proposition 5.2.4. Any object in is finitely generated by weight vectors and decom- 
poses uniquely up to isomorphism and order into a finite direct sum of indecomposable 
objects. Finally, diniK Hom(M, N) < oo for all M,N e O^. 

Proof. The first and the last statement follow by induction on the length. It is well-known 
that any abelian category which is artinian and noetherian satisfies a generalized Krull- 
Remak-Schmidt theorem (e.g. [16], Cor. 3.3.3): any object decomposes uniquely up to 
isomorphism and order into a finite direct sum of objects having local endomorphism rings. 
It remains to remark that a finite length object in any abelian category is indecomposable 
if and only if its endomorphism ring is local ([loc.cit.], Prop. 3.3.2). □ 

5.3. Projective generators. We investigate some homological properties of the cate- 
gories O^. 

Proposition 5.3.1. The category has enough projectives. 
Proof. Our method of proof is inspired from [3], Thm. 2. Consider the functor 

: ^ VecK,M^ 

for a fixed /i G i)*. We claim that F^ is representable. To prove this fix n G N and 
topological generators Zi,...,zi of Z{q) (cf. rem. I5.1.2p . Consider the quotient Mn{fi) of 
U (g) by the left ideal generated by 

(a) {/Iq - /i(/ia)}agA 

(b) {all products yp-^yp^ ■ ■ ■ |/^„ of length n with /3j G 

and its component Mn{fi)^ G O^. For any M G (9 there is a natural bijection 

Homa(M„(/i), M)^{meM^: yp.y^, . . . y^^.m = for all A e $+}, / ^ /(I). 

For M G there exists n > such that any m G is killed by the elements of (b). 
Indeed, choose any n > such that 

n> {X- iJ,,p) 

for A G 7r"^(x) and suppose for a contradiction that yj3^ ■ ■ ■ yp^j^^.m ^ 0. Put m! : = 
1//32 ■ ■ ■ yi3„+i-^- Since the set n(M) lies in finitely many cosets of the form fi — T there 
exists a maximal vector m" G M of the form M" = n.m' with n in the augmentation ideal 
of U{x\). Let /i' and /i" be the weights of m' and m" respectively so that yu" — yu' G F \ {0} 
and thus 

(/i" - /i, p) > {ji' - ji.p) =n 
by definition of p = 1/2 However, U{g).m" is a highest weight module whose 

central character must satisfy Xm" = X and so p" G 7r~^(x). This contradicts the choice 
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of n. We deduce that for n » the module M„(/i)'*^ represents F^. In case 7^ we 
let := Mn{fi)^,n » be the representing object of F^. It is projective since Lem. 
13.0.91 shows the functor F^ to be exact. Finally, suppose M G is given. By Cor. 15.2.41 
there are nonzero vectors mi, ...,mk of weights Hi, ...,Hk generating the [/(g)-module M. 
The natural ?7(0)-module homomorphism 

TT : ©j=i,...,fc P^, Hom^(P^^, M) M, 

where U{q) acts on summands on the left through the left factor in the tensor prod- 
uct, is then surjective. Since dimi^ Hom^(P^^. , M) < 00 ([loc.cit.]) the source is visibly 
projective. □ 

Remark 5.3.2. The preceding result is remarkable since one of the main results of [Mj 
shows that categories of coadmissible modules over Frechet-Stein algebras generally do 
not have enough projectives. 

Recall that an epimorphism p : Y ^ Z between objects of an abelian category is called 
essential if any morphism g : F' — )■ y is an epimorphism provided pog is an epimorphism. 
A projective cover of Y is an essential epimorphism p : P ^ Y with P projective. A 
projective cover is unique up to nonunique isomorphism. The following lemma is well- 
known (e.g. [16], Lem. 2.2.3.). 

Lemma 5.3.3. Given a epimorphism p : P ^ Y with P projective and Y a simple object 
p is essential if and only z/End(P) is local. 

Lemma 5.3.4. Any simple object L{fi) G has a projective cover. 

Proof. Since is Krull-Remak-Schmidt and has enough projectives there is an epimor- 
phism p : P ^ with P projective and indecomposable. Since P has finite length 
End{P) is local and the preceding lemma applies. □ 

By Cor. 15.2.11 is a set of representatives for the isomorphism classes of sim- 

ple objects in O^. Let P(/i) — L{fi) be a fixed choice of projective cover. A straightfor- 
ward argument with projective covers shows that {P(/i)}^g^-i(^) is a set of representatives 
for the isomorphism classes of indecomposable projectives in O^. By the Krull-Remak- 
Schmidt property (Cor. 15.2.41) a sufficiently large finite sum of copies of 

covers any object in O^. This discussion combined with [2], Prop. II (1.1) shows 
Lemma 5.3.5. P^ is a projective generator of O^. 

Theorem 5.3.6. The endomorphism ring = End(P-^) is a finite- dimensional K- 
algebra and the functor }iom^{P, .) induces an equivalence of categories 

C"^ A Mod^g(A'^) 
where the right-hand side denotes finitely generated right A^-modules. 
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Proof. is finite dimensional by Cor. I5.2.3I Since is abelian and noetherian with 
projective generator the second statement is a direct consequence of the theorem of 
Gabriel- Mitchell ([2], Thm. II. 1.3 and subsequent exercise). □ 

Remark 5.3.7. The right A^-module structure on Hom(p(P, M) is given by f.a = f o a. 
The above equivalence depends on the choice of P. 

Since is artinian we have the classical idempotent theory on A^ including the block 
decomposition of A^ and the classification of projective modules (cf. [6], VIII). To inves- 
tigate the finer structure of A^, such as its Cartan matrix, we invoke the formalism of 
highest weight categories and quasi-hereditary algebras. 

5.4. Standard filtrations and reciprocity. A standard filtration of an object M G O 
is a finite filtration Fil'M in O with graded quotients equal to standard modules of the 
form M{fi) for fi G i)*. In this situation we denote by {Fil'M : M(A)) the multiplicity of 
M(A) in M and by l{Fil'M) the filtration length. Since such a module is generated over 
U{g) by finitely many weight vectors we have the following. 

Lemma 5.4.1. Let M E O have a standard filtration Fil'M. Then 

#{X : ^ 0} < l{Fil'M). 

Let n > 1, /i G f)* and Mn^jj) G C be the quotient of f/(g) appearing in (the proof of) 
Prop. I5.3.1[ Recall that V denotes the Kostant function (cf. 14. 3p . 

Proposition 5.4.2. The following hold: 

(a) If M admits a standard filtration and fi G $(M) is maximal among the weights 
of M then there is an inclusion M(/i) M and M/M{fi) admits a standard 
filtration. 

(b) If M admits a standard filtration then any direct summand of M admits a standard 
filtration. 

(c) The module MnifJ') admits a standard filtration Fil' Mn{n) such that 

{Fil'MM ■■ M{X)) = V{X - /i) 

for all A G P)*. 

Proof. These are easy adaptions of the arguments settling claims (a), (b), (c) appearing in 
[3], Prop. §6.2. Note for (c) that our Prop. I4.3.1l replaces the ordinary PBW-theorem. □ 

Let X be a central character and let P^ be the projective generator of as defined 
previously. Our goal is now to prove that each A^ = EndQ{P^) is a quasi- hereditary 
algebra. To do this put s = := |vr~^(x)| and fix a partial ordering of the weights 
Ai, As G TT~^{x) such that Aj < Xj implies i > j. Cor. 14.5.41 guarantees that the family 
{M(A)}Ag7r-i(x) is a collection of schurian standard modules (cf. sect. for A^ relative 
to our ordering on 7r~^(x). In particular, the multiplicities (M : M(A)) are well-defined 
for M G and A G n^^x)- 
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Proposition 5.4.3. Let irlfi) = X- Each P{^) admits a standard filtration with (-P(yu) : 
M(A)) = 1 if fi = \ andO if fi ^ X. 

Proof. Right-exactness of {.)^ applied to tlie canonical quotient map Mn{f^) 
yields a surjection Mn{fi)^ — > M{fi). Since the source is projective and -P(/x) equals the 
projective cover of the target we obtain a surjection M„(/i)^ — )■ -P(/x) which has to split. 
In other words -P(yu) is a direct summand of Mn{fi)^ and, hence, of Mn(/^) (Lem. I5.4.ip . 
According to 15.4.21 it then has a standard filtration. By properties of V, a standard 
filtration on Mn{fi) has the claimed multiplicities. We show that the same is true for a 
standard filtration on any direct summand of M„(/i). So let M„(/i) = N (B N' and use 
induction on the filtration length / of M„(/i). If / = 1 then Mn{fi) = M{fi) which is 
indecomposable. Thus assume / > 1. Then n > 1 and there exists a weight A which is 
maximal among <I>(M) and satifies X = fi + u with u E T \ {0}. We may assume A^a 7^ 
whence a chain of inclusions 

M(A) iV M„(/i) 

due to Prop. 15.4.2( a). By induction hypothesis a standard filtration on the direct sum- 
mand N/M{X) of Mni.fJ') / M {X) has the desired multiplicities. Since X > fi the same holds 
for N. □ 

Proposition 5.4.4. Fix a central character x- Then 

(P(/i) : M(A)) = [M{X) : 

for all A, /i G 'JT^^{x)- 

Proof. The arguments given in [3], §6 generalize as follows. We have 

[M(A) : = dim;^Hom(P(/i),M(A)). 

Indeed, by additivity on short exact sequences we may assume that M(A) is simple. Since 
is a finite dimensional /T-algebra any indecomposable projective A^-module, such as 
-P(/i), has a unique maximal submodule (e.g. [6] Thm. (54.11), (56.6)). It follows that 
both sides are equal to the Kronecker delta Sxfj,. On the other hand, we have 

(5.4.4) (P(/i) : M(A)) = dimA' Hom(P(/i), M(A)). 

Indeed, decomposing the projective Mn{fi)^ as Mn{fi)^ = J2x^il^^ with some 

n(/i. A) e N we obtain 

n(/i. A) = dim^ IIom(M„(yu)^, L{X)) = dim^ I/(A)^ 

which equals 1 if = A and if /i ^ A. To see the last equality here recall that Mn{fi)^ 
represents the functor i— )• A"^. If Ai, As is a total ordering such that Aj < Xj implies 
i > j the matrix A^ = (n(/i, A))^a is unipotent lower triangular. We may therefore replace 
P{n) by M„(/i)^ in ^ZM- But then 

(M,(/i)^ : M(A)) = V{X-fi) = dimxM(A)^ = dim^ Hom(M,(/.)^ M(A)). 
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Here, the first equality comes from applying the exact functor {.)^ to the standard filtra- 
tion of Mn{fi) appearing in Prop. 15.4.21 using fj,,\ & '^~^ix) and the last equality holds, 
again, by definition of Mn{fi)^ as a representing object. □ 

Corollary 5.4.5. Let x be a central character. The block is a highest weight category. 
The quasi-hereditary algebra satisfies strong BGG duality. 

Proof. This follows from sect. [2]using the above results. Note that End^(M(A)) = K for 
all A e f)* according to Cor. I4.5.4[ □ 

Remark 5.4.6. We leave it as an open question whether or not is even a BGG algebra 
in the sense of sect. [2|, i.e. whether or not there is a duality D on Modlg{A^) such that 

Z}(L(/i))~L(/i) for all //G7r-i(x). 
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